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1 Introduction

#w>CIE, A. Kishimoto-N. Ozawa-S. Sakai @ Homogeneity of the pure state space of a
separable C*-algebra ([11]) IZDWTHEZEL, £ OZEDTH 5. JHiw X TIEHEHRLEE O AGE
BiZ LU CWAEHSPIHZER L TWAEHODH 5. FHlZI1E, FKiwXD Theorem 3.1 (AKiwXD
Theorem 4.1) T, Lg,, L Ly 72 (o (278w, T (25)6w) = (mw ()0, mo(2)n) WD HEITD
WTDAGEHANGZ 6N TWD, ZHUTH LA T, — OB EICDOWTHAHEZ DI, £
7=, TOMTIHAHLEDIZHIFL AR TIHHEZ DI 2.

FREHIZDWTHIBHT . C*-algebra LIZ1% pure state L IEIXN B BEEDEHZETEZ 5. state 7
H pure state (FIFIRRE) TdH 5 & 1%, £ U positive linear functional p 2% p < 7 272374 5
B, BB Le[0,1] Tp=tr LRBLONIMNBEDTHS, [11] DEEHEIE,

Theorem 1.1 (Main Theorem). A % separable C*-algebra &9 %. kerm,,, = kerm,, 72L&
D wy,we € PS(A) IZH L, 5 o € Alnn(A) BFEL T, wioa = wy {727 .

EWVWIBHDTHS. 772U, PS(A) := {¢ € A* | pis a pure state} & L, Alnn(A) := {a €
Aut(A) | « is an asymptotically inner of A} &9 % (Definition 2.5). 2£ 0 ZOEEHIE, & T
HIEWT 7 ADERAZERIZ LT, GNS ERELD kernel 23F U 2 DD pure state i, » 5 H A
ZEUTCH—HTES, LW0WHHDTH5.

CDEAERT O, IROME %2251 5.



Property 1.2. {fEED F € A, n,(A) N K(H,) = {0} 7% w € PS(A), e > 0 XL, 5
GeA d>0MFELT, U2 T.

H L, p € PS(A) By, Ay, [p(@) —w(z)| <, 2 € GEMZTROE, 5 (ue)iejo.y C U(A)
TtIZBAUTHERT, up=1, p =wo Adu,

lAdus(z) —z|| <e, xz€F, tel0,1]

27T DAFET 5. 72721, L 1% quasi-equivalence %, K (H,,) 1% H,, LD compact operators
ERTHEDLT .

F THIDIZ, Property 1.2 %723 C*-algebra I&, Theorem 1.1 27232 ¢ 2R T. 72, b
5 1 DOMOMEERITS.

Property 1.3. {LE®D F € A, A ® irreducible representation w: A — B(H), H L ® finite
rank projection E, ¢ > 026U, 5 neN &, bz = (1,22, ,2,) € M1, (4) BPEEL
T, ||lzz*|| < 1, n(za*)E = E, ||adaAdz| < e, a € F %729, 272U, ada(b) := ab — ba,
be A, (Adz)(b) :=> 1 wiba}, be AL T 5.

IRIZ, Property 1.3 %7z 3 C*-algebra I, Property 1.2 2729 Z & 2R3 . £ L TREIIZ
U. Haagerup DOFEH ([8, Theorem 2.1]) % i o T, L D separable C*-algebra % Property 1.3
i ERT.

JESIZ X, ZOEHDITE - 7-4ERIT R. T. Powers DFERTH 5. Powers DFERIZIRD H
DTHB5. ([14, Theorem 2.7])

Theorem (Powers). M, & niXK{THIERE U, {m,}72, CN 2RI T5. A% My, IZ&-
THEE TN S UHF algebra &35, i = 1,228 UL, m;: A — B(H;) % factor representation &
b, & € H; C:;@b, wi(a:) = <7Ti(l‘)fi,§i> 9B Dk ?)_S’, RIZAEMETH 5.

(1) 1 "(\14 T2
(2) EHD > 0HUT, BB n e NDSFELT, [wilue —walus, || < <.
772U, M€ & M ® A TO relative commutant % &7

Powers 1%, f7FIBDIEKFNZ & > THEL X115 UHF algebra &\ 5 C*-algebra &, vector state
E XN 5 REKR MR pure state (2D WTHIZEZ 1T 5 72, IXIZ O. Bratteli [2, Theorem 4.5] 12 & -
T Powers DFEHR D AF algebra ETH KD 7D Z & AR X 1, Bratteli-Kishimoto [3, Theorem
6] 512 & o T Powers DF5HRAY Cuntz algebra ETHE DD &b h o7z,

FZ H. Futamura—N. Kataoka—A. Kishimoto (Z & > T, Kig XD EEHDOETOEED, FE
HAZIEW 2 7 A D simple separable nuclear C*-algebra F® pure state (X U TRz 22 &
PRI N7z, Futamura-Kataoka—Kishimoto 1%, C*-algebra (2351} 5, & 5 MHE ([7, Property
2.9], A& Tl Property 1.2) % B2 Hi U, Futamura—Kataoka—Kishimoto 1%, Property 1.2
%723 Cr-algebra IZ DWW TR EFEHEMA KO LD Z L 282, LT, BERREIETED Group
C*-algebra X, purely infinite C*-algebra 72 & D4 72 C*-algebra #* Property 1.2 %{ii72 9 Z &
EZRLU, TOMRE LT, 205D C-algebra (D WTEREHAH O DI L 28 W=, T LT
%12 Kishimoto-Ozawa-Sakai (2 & o T, £ D separable C*-algebra »° Property 1.2 % i 7z
TIEADNY, EEHMBED LD Z EAE N



KX DR Z RS, 52 HTIE, K% 5D 722 4% 7% Notation X, & #H, FAKZR
EHIZDWTHIANT T 5. Kadison’s Transitivity (Theorem 2.13) (ZDWTIX, / IV AGFHTIff E D H
DPEDETHRELIRZ DT, FEHE DI 72, 5 3 B TIE, Property 1.2 &7z 3 C*-algebra I3,
Theorem 1.1 2729 Z & 2R3, 55 4 ZTIX, Property 1.3 Zi# 723 C*-algebra I, Property
1.2 2723 2 2 2R T. LIZHIBR7H, Theorem 4.1 1Z2D2WT, —fRDBZFEITDODWTHEEHE%Z
DIF 7z, BARIZEE 5 B TIX, LR D separable C*-algebra I&, Property 1.3 2723 Z & 2/R7.
5 ETIE, FEEHPEAFER (Lemma 5.10) IZ2WTHEEHE DI 7=,

2 Preliminary
2.1 Notation
A % C*-algebra, H % Hilbert space, 7 >0 &9 5.
o B(H):={a: H— H | ais a bounded linear operator}
e K(H):={a€ B(H) |ais a compact operator}
o Ay, = {a € A]a is self-adjoint }
e U(A) :={u € A|uis a unitary}
o Aut(A) :={a: A — A| ais a x-isomorphism}
o S(A):={p € A* | v is a state}
e PS(A) :={p € A* | ¢ is a pure state}
o A X, ADREZRTEDETS.
e AOAIF, ADRBIT VY LFERTLD LT 5.
o o(A, A*)-topology &, AT A* »5FELE I N5 weak topology #RTHDE T 5.

o o(A* A*)-topology 1%, A** IZ A* »HFE I N B weak* topology KT HD LT 5.
a,be A, e > 01T,

e Sp(a) :={X € C| A\l — a is not invertible}

e ada(b) :=ab—ba

e Ada(b) := aba*

eamb L |a—b|<e

FcCcAlZHU,

e €A < F %, A® finite subset TH 5.

e coF := { zn:timi

i=1

nENa tlatQa"'7thO7 xl7$27"'a$n€F}



o F' I3, F D AIZH 5 norm-closure 2 £ THD L T 5.

o F' X, F D AIZHIT B weak-closure 2 KT HD LT 5.
EnCEeH, e>0IxL,
o O H* % 0 () :=((,m)E &T 5.
o cxn B g <e
Normed space X, r > 0 {Zxf L,
o Xy i={zeX||zf <r}
A % C*-algebra, H % Hilbert space & U, AC B(H) £3%. £/, 2,2, € A, neN&T 5.
o I(A) = {u e A|uis an isometry}

o A':={be B(H) | ab=ba for all a € A}

o Z(A):=ANnA

o I, >z, r=s- ”11_>rgo Ty ey T I z 12 strong topology TINHT 5.

o I, ST, T=w- nh_)n;o Ty defy T, 1 7 12 weak topology TINHT 5.
oz, &z, x=0-w- lim z, defy T, 1 2 12 o-weak topology TN T 5.

n— oo

° I, >z defy z, 1& z |2 norm topology TR T 5.

A% C*-algebra & U, o, € Aut(A), n e N &35,

o a, i, ey a(z) = lim a,(z) forallze A
n—oo

A % abelian C*-algebra £ 3 5.
o O(A):={r: A— C| 7 is a non-zero homomorphism}

A % C*-algebra, Hy, Hy % Hilbert spaces, m1: A — B(H;), ma: A — B(H,) % representa-
tions, U: H; — Hy % map &9 5.

T, (@) 0
w1 @ w2 =
o (T T ) (@) < 0 - (a))
o ranU :={U{ € Hy | £ € Hy}
Definition 2.1. A % C*-algebra ¥ 9 5. e € A »¥ minimal projection TH 5 L1, ede = Ce
-3 THD.

Definition 2.2. H % Hilbert space &3 %. (e,)neny C H IZDWT, fEED m,n € NITH L
T, (em,en) = Omn PEE, (en)nen & H D orthonormal system (ONS) &E\W5. 72720L, §p
Fo7ury h—FERTEDL TS, F£72, ONS (en)neny D 1 KEEEG 2N H T dense 72 & &,
(en)nen & H D complete orthonormal system (CONS) &\ 5.



Definition 2.3. A % C*-algebra, H % Hilbert space, 7: A — B(H) % representation &9 5.
7N

e non-degenerate 422 span{r(a)é [a € A, E€ H} =H TH5.

o irreducible 42 closed subspace K C H 23 n(A)K C K #i7=3% 518, K = {0} 7=
EK=HT»5.

Definition 2.4. A % C*-algebra, Hy, Hy % Hilbert spaces, m1: A — B(Hy), mo: A — B(H>)
% x-representations & 3 5. m,mg W

o unitary equivalent (m ~ 1y £3%7) &M %3 unitary w: Hy — Hy T, 1y = Aduom
Zhi72 3 DOMFIET 5.
e quasi-equivalent (m; ~ my £ £T) L% % % x-isomorphism a: m1(A) — m(A)’ T,

Ty =aom Zi7zTEDIPFET 5.
o disjoint L (ry @ m)(A) = m1(A) @ ma(A)” B NLD
Definition 2.5. A % C*-algebra & L, a % A @ automorphism £ 3 5. a
o inner £ o= Adu%% ueU(A) BEET S

e asymptotically inner i o= tlim Aduy 2% (ug)ief,00) C U(A) T, t 2B L Tillise e
—00
L DNRFET 5.

¥ 7=,
AInn(A) :={a € Aut(A4) | a is an asymptotically inner of A}
Alnng(A) = {a € AInn(A) | a = tli}m Adu D ug = 1725 (ur)sejo,0) C U(A) T,
tIZBE L Tk d DODFEET 5. )
Theorem 2.6 (Hahn-Banach). X % topological vector space & U, U,V C X % disjoint, non-
empty, convex 7% subset £ 35, ZOLEELE L, U Hopen BHIE, D pec X* &, HDHLcRM

BN T,
Rep(z) <t <Rep(y), ze€U, yeV

R AN

Theorem 2.7 (Gelfand). A % non-zero abelian C*-algebra & 3% &, Gelfand representation
p: A= Co(QA), ara

\&, *-isomorphism TH 5. 7272, a(7) :=7(a), 7 € Q(A) & T 5.

Theorem 2.8 (Functional calculus). A % unital C*-algebra, a € A % normal element &
L, z: Sp(a) = C % inclusion map & § 5. TD& &, %3 faithful unital *-homomorphism
©: C(Sp(a)) = AT, o(z) =a 27z T L DPME—FFIET 5. £72, o(C(Sp(a))) iFa & 1 DE
3% A D C*-subalgebra & —3(9 5. Z D ¢ % functional calculus &\ 9.



Theorem 2.9 (Kaplansky). H % Hilbert space ¥ U, A% A° = B 725 B(H) ® C*-subalgebra
E9BH. ZDEE IRV LD,

(1) Agq 1F By I2HWT strongly dense.
(2) (Asa)1 & (Bsa)1 I2BWT strongly dense.
(3) Aj IE By IZ8WT strongly dense.

Definition 2.10. A % C*-algebra &3 %. Representation {p, K} #% universal TH 5 & &, {F:
7D representation {7, H} IZX U, 5 7: p(A)" — n(A) TIRZW{7=THLDOVFHETHI LT
H5.

e 7 & surjective 7*D o-weakly continuous.

o RDATHLX R

R R

Theorem 2.11. {EE® C*-algebra (&, universal representation #H2. HIZZI D& E, H D
pr A — p(A)" T, M7= DVFET 5.

e [/ ld isometry, surjective.
o 5L o(A, A fitH & o-weak MAIZBIL CHMTH 5.

o RO
AF*

/)
a7y
73

Lemma 2.12. H % Hilbert space & U, €1,¢€2,+-+ ,6, € HZ# ONS & 5. £72, m1,m0,- ,1n €
H%u225%. ZDLE, RIMBKHILD.

(1) ®due B(H) T,uej =n;,j=12,--- ,nh2 |u|| < \/%max{HnjH |7=1,2,--- ,n}
BT THEONEET .

(2) BLHb v e B(H)s, Cve; =m;, j = 1,2, ,n 2T 3008H5L35L, (1) D
u € B(H) I& self-adjoint IZHl 2 Z & MR TE 5.

(3) BBe>0,HbveBH)uw T, ve; =05, =1,2,- ,n 2D ||| < ¢ &2Hi=FHD2D
B35, () Duldu <2 £ TE5.



Proof. £9 (1) 2/R"7. u = Zenm L9oL, ue =mn5, 5 =12, ,nThs.

j=1

e H, M :=max{|n,|| | j=1,2,--- ,n} £T5&,

>t i) < 2l
j=1 j=1

[ugll =

< (ZI(&@)IQZIWIQ)

< (I€)PnM?)1? = ||g|lv/nM
BOT, |lu| < vaM E720, (1) Bbhs

&2 T,

I (2) RS, HDBveEBH)s Cvej=mn;,7=12,-- n&iizdbDONRHdLd5. Z

DL E,

n n n
= E Ove;.e; = E | €5)VE; = E v((-, €)e) = v E Oc, e,
Jj=1

=1 =1

¢§5H. 22T, pi= 2?219%6]' EELL, u=vpThb. ZDpZMMo>T,u :=vp+pv—pup

YBL.FBE, 0 € B(H)yW THY,
u'e; = vej + pue; —pue; =vej =15, j=1,2,---,n
-9, 7z,
[/ = (1 = p)vp + po)*((1 — p)up + pv) |
= [I((X = p)vp)"((1 = p)op) + (pv)" (pv)||

< 11 = p)vpl® + llpol®
< lvpll® + llpvll* = 2||ul]* < 2(vnM)* = 200>

0, |l < V2nM &0, (2) Hbh 5.
vl <eed e,

[/ = [lpv + (1 = p)vp|| < 2||v]| < 2¢

THBEILEOREDT (3) bRk,

O

Theorem 2.13 (Kadison). A % C*-algebra & U, nm: A — B(H) % irreducible representation

&35, 6,8, - ,& € H % linearly independent & U, £72, 01,10, ,n, € H 2 5.

& EIRDIR D NLD.
(1) ®5uec AT, n(wé=nj,j =12, ,nZ&if7=3THDIFLET 5.

2) BLd 5 v € B(H)sw TvE =1y, j = 1,2, n BT HONRHB LT B L,

u € A % self-adjoint IZH( D Z & DI TE 5.

ZD

1) ®

(3) Be>0 BB v B(H) s T, 06 =15, =1,2,-- ,n 7D |o]| < ¢ &ili=THDHH

Br3ae, (1) Duld u <2 LTE5.



(4) L1y en(A) THY, HBveUH)Tvé=n4,j=12,-- ,n&hiTdDONRH5 &
T5L,(1)Duec Aldunitary IZHD ZENTES. HIZ, ZOuecUA) I, Hdwe Ay,
EHVWCTu=c¢v L EITS.

Proof. #]1HIZ, (2) Z2/Rd. T74abb, Hdv e B(H)se To&§ =n;, j = 1,2,--- ,n &2z
THLDONH2LTDHL, HDu € Ay Tr(w)é =n;, j = 1,2, ,n 27203 N5
ZrERYT. T, 6,8, ,&, € H % orthogonal £ fHE L TLWIZ &% F 5. orthogonal M
EEIIRERET B, £,&,--- €&, € H % linearly independent & U, €1,€2,--+ ,¢, € H %
C&+C&+---4+C, DCONS 95, ZDEE, HDue Ay Tr(u)e; =vej, j=1,2,---,n
Zii7zdv0neNnsd. £o7T, m(u) =von C& + C& + -+ + CE, DT, n&; = v&5 = n;,
j=1,2,--- ,n&kb. LD >7T, &, &, -, & € H D orthogonal DIFEZ I REIEFHTH
5. max{|n;|| | j=1,2,--- ,n} <1/(2n) ERKET 5.
EED e > 012 LT

UE = {UGB(H) |max{”u£jH |j: ].,2,”. ,Tl} <€}

B &, U 1% 0 D strong topology (28 1) % neighbourhood TH 5. 7 & irreducible 72D T,
7(A) 1Z B(H) O T strongly dense TdHh 5. L72A> T, Theorem 2.9 (2) & 0, fFED r > 012
K UT, 7((Asa)r) & (B(H)sq)r DHIT storongly dense TH 5. &> T, L w e B(H)su 725
X, 25w € Ay T, m(w') —w € U 2 ||w']| < ||w|| 2723 HDBFIET 5.

Lemma 2.12 (2) &V, % vy € B(H)sa T, v&; = nj, j = 1,2, ,n 22 |lug] <
V2nmax{||n;|| | = 1,2, ,n} 2T HEDOMPGFEHET S, TD v ICHL, BIEHETRLEZI L
£, H% ug € Asa T, m(ug) —vo € Uryan) 22 |ugl| < [lvol| 27z HDAENS. 72720
N:=v2n ¥ 3% ug 2L, Lemma 2.12 (2) k0, % v; € B(H)s, T, v1& = (vo —m(up))&j,
i=1,2,--- ,nmD
1

. 1
Jorl) < vanmax{li(uo — wluo)ll 17 = 1,2, 0} < VEn- o = =

ZT-TEDPFHET D, ZO v WU, BIBE TR LI &0, HDu € Ay T, m(ur)—v1 €
Uy sy 2272 Jlur|| < Jlon]| < 1/2 2= T 0N,

ZDEIIZULT, ke NIZHUTRMIIZ, vkl = (vp—1 — m(ug—1))&j, j = 1,2, ,n D
logll < 1/2% %7 F v € B(H)sa &, 7(w) = vg € Uy ey 272 g < Jlogl| < 1/2% %
723 up € Ay DREKTE 5. 22T,

oo oo 1
S el <37 5 < o0
k=0

k=0

F0, Y u BADOHTIET S, £oT,u:= " ju, &BLE, ue A, THD. £
i=1,2,--- ,niZxL,

nj —m(u)g; = lim <77j -7 (Z Uk) fj)
k=0
(o)

k=0
= lim (nj - kz—o(vk - vk+1)§j>



= lim (n; — vo&; + vr41§5)

r—00

= lim v =0
r—00 T+1§]

BOT, m(u)é; =nj, j=1,2,--- ,n RDIELDDOPo72DT, (2) WRE7. 7, FKOHER
IZ&D (3) BRI IENTES.

Wiz, (1) 2”9, £9 Lemma 2.12 (1) &0, D ve B(H) Tv&; =n;, j=1,2,--- ,n %
=T EDONENS. v=Rev+ilmv, Rev, Imv € B(H)s, EREDDT, HITRLEZZE LD,
H5 up,ug € Agq T

m(u1)§; = Revg;,
W(u2)§j:ImU§j7 .]:172’ ;T

BT HONPINDG. 2T, ui=u +ius & BITIZ,

m(u)é; = m(u1)&; + im(u2)é;
=Rev§; +ilmvg; =v&;=mn;, j=12,---,n

THHDT, (1) bRTILNTEL.
BEIZ(4) Z2RT. 1y en(A) D, H5veUH) Tvj=n;,j=1,2,--- ,nZjlzTEHD
MNHol-2 T 5. HIFEEFERRIT &,8&,- - ,&, € H % orthogonal X {RELTLW. ZD& &,

<77i717j> = <'U£i,’U§j> = <£Z7§J> = (si,j? Za] = 1327‘ N

DT, m,m2, -, € H B orthogonal TH 5. K := span{;,n; | j = 1,2,--- ,n} T L
T, {&}n, IR, K © CONS {&}m, 2HmT 5. A, {5}, 28R, K ® CONS
{niyie, Zfk3 5. 92¢, KO CONS ZMO AL GHEZZADZLIZED, HD v € UK)
T, v =mn,7=12 ,mZifi7=3THLDHNPENS. vy & finite dimensional Hilbert space
® normal operator 72D T, diagonalisable Tdb 5. L7=h3-> T, H% K ® CONS {¢;}1L, &, &
5N € CHFIELT, voe; = Njej, j=1,2,--- .m &b, 5,00 € UK) %RDT, H5t; eR
DT, Ay =e, j=1,2,--- mEPTB. 22T, 0w =" 0, £BLE, w € B(H)w
T, w'e; =tjej, j=1,2,--- mIRDT, BIZRLEI LD, HD w e Ay, T, m(w)e; = tjej,
j=1,2,--- .m &I EONRENE. ULizdoT, u:=e" BIHEue U(A) T,

; = (iw)k ik
m(u)e; =m(e™)e; =m (Z X > € = Hﬂ(w)kq

k=0
o~ [ (it;)k
= <( k!)
k=0

L0, m(u) =voon K DT, n(u)é; =v&j =1nj,j=1,2,- ,n BB EDVDINS. O

>ej—e Tej = Nty =wvoej, j=1,2,---,n

3 Property 1.2 — Theorem 1.1

Theorem 3.1. A % separable C*-algebra & U, Property 1.2 2§72 9 £ 9 5. kerm,, = kerm,
LB D wy,wy € PS(A) IZXH L, % a € Alnng(A) BPFEEL T, wyoa = wy %727



Lemma 3.2. A % C*-algebra &9 %. o 2 A D pure state £ U, L:={a € A| p(a*a) =0} &
35, ZDEE kero=L+L* %2777,

Proof. ¥ 3  kero DL+ L* %/RT.acL&T5L,

IQD(G,)‘ - |<,0(1*a)| S @(a*a)l/2@(1*1)1/2 —0

kY ackeroTHs. £/, 0(a*) =p(a) =0RDTa* Ckerp RDT, kerp DL+ L* 725,

RIZHEDAEEZRT. x € kerp &5, (m,,Hy, &) &2 ¢ D GNS KB ET5. K =
span{,, my(2)E,} EB K. & L mu(2)éy &0, &y, mo(x), 13 1 RPN 72D T, Kadison’s Tran-
sitivity (Theorem 2.13 (2)) &0, 5 b€ Ay BFIEL, 7y, (0)Ey = &by T ()T (2)E, = 0 Z i
729, &oT

@((bx)"(bz)) = (mp(270"b2)E0, &) = 0
£V, bxeL. i,
(1= b)) (1~ D)a)") = (mp((1 — bz (1 — b)), &) = 0

Thb. £oC, (1-bre L
BAEED, 2 =br+(1—b)zeL+L" O

Lemma 3.3 (excision). A % C*-algebra £ 3 %. p 2 A D pure state £35. ZDL &, H5 A
Dnete; T,0<¢ <1, ple) =1,

lim |le;ae; — p(a)e?]| =0, a€ A
Zihi7=3TEDORFIET 5.

Proof. L := {a € A | p(a*a) = 0} 5. T5&, H% L; D positive net u; T, a =
limau; for alla € L7223 HDWFHET 2. Lemma 3.2 £ D, ¢e; =1 —wu; B L, a—¢(a) €
kérg& =L+L* ZZ7T, limle(a—p(a))el| =0%md. li+15 € L+L* £ 92 &, lim||lie] =0,
lim [l = 0. &=, ' '

lim [le; (I +Iz)esl| < lim(fleihvei| + fleilzeql]) < lm(([les]| + [leslz]]) = 0.
£, limles(a — p(a))eil = 0. £7z, o(e;) = o(1) — p(u;) =1 L%, =
K]

Lemma 3.4. H % Hilbert space & U, &,& € H W ||&1|| =& =1 THhDE LT L. ZDLE,
»% unitary V € B(H) TVE = & 27T H0MNENS. Tz, LED e > 01 L, 2
§>0MFIEL, |6 — &) <6 &blE, EOV e BH) LT ||V —1g|| <e 2T H0h L
ns.

Proof. & & & & linearly independent & U T K\, ej,es & e; =& 775 C& + CE& D CONS
tj_é 62 = )\61 + ues B (‘:, ||§2H =14& O, |)\|2 + ‘,U/|2 =1Th5.

T€1 = )\61 + HE2 = 52,
Tey := —jie; + e

10



EB< &, linear map T: C&; + C& — C& +Céy BEE 5.
€2 gooA - A €2
B 1 0 e1 . €1
N 0 1 () B €9

£V, T*T = lcg,4ce, C, FABRKIC TT* = lcg, 40, £ 9, T 1 unitary TH 5. T DA EZ K
5.

t— XA —u

A =t - A+ Nt +1
i _

=t? —2ReNt+1=0

r¥5Y,
t=Rel+/(ReA)2 -1
=ReA+iy/1— (Re))?

TH5HDT,

1T —1]> = sup [t -1
teSpT
= (1-ReA)?+1— (Re))?
=2—-2Re) = ||&; — &
Thd. H=C{E+CEP (Cfl -i—(Cé-Q)L IZRLU,V=To 1(@51+C§2)L ETBHE,
[V =1 =T -1] = & - &l

TH2. koT, HEDe> 0L, 6=c £BIIE, |V -1 <eT, Ve =T = & 75
. O

(y

Lemma 3.5. A % C*-algebra &3 5. wy,ws € PS(A) #, kerm,, = kerm,, 273 &9 5.
DEELREDFeA >0/, HbucU(A) MPFHELT,

lwi(z) —we o Adu(z)| <e, zeF
729
Proof. w; € PS(A) 72D T, Lemma 3.3 &0, %5 ec AT, e>0, |le|| =1, wi(e) =1 21D,
leze —wi(z)e?|| <e, z€F

LRBEOWET D, TBE, BB Hy, T, |[€] = 149 m, () = £ BBEDHL NS,
FEE AR neH, &0,

f(z) Lo (if0<z<1-—candazeSpk)),
xXr) .=

1 (if1—e <2 <1andx e Sp(k)),
g(x)r={

—_

(if0<z<1-—¢andx e Sp(k)),

=

r—1= (fl-e<az<1andz € Sp(k))

L.
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08

04 |

02 -

X

EMIE, e =01 DHED f,g DT T T7THD. ZIT, ¢: C(Sp(e)) — C*(e,1) % functional
calculus (Theorem 2.8) & U, f(e) :=p(f) &BL. T5&,

T, (f(€)) (s (9(€))n) = 7w, (f(€)g(e))n
= Tw, (f : 9(6))77
= T, (9(€))n

Thd. £72, |le— fle)]| <e DT, HDEH M > 0 BHENT,
||f(e)xf(e)—w1(x)f(e)2\|<M5, rzeF

275, LizhisT, ¢ —%agg e L LTHIDNS fle) 2EZNIEEI V. k5T, &
5E€H, T, ¢=1mDnr,(e)=ER5bDRenT-.

D& E, Lemma 3.4 £V, &5 unitary v € B(H) T, v(m,,(e)f) = £ 825 DVFHET
5. ZDvIZx L, Kadison’s Transitivity (Theorem 2.13 (4)) &0, % u € U(A) BMFEL T,

Ty (W )y =€ L7205, KT EED 2 € FIZHLT,

jwi(#) = wz 0 Adu(z)] = w1 () (T, ()8, €) = (Tw, (Ur™)€us s )|
= (s (w1(2)€*)8, ) — (Tuy (€€ )uy €|

< |lwi(z)e? — exe|| < €
L85, O

Remark 3.6. 1#!/Z, Lemma 3.5 @ u € U(A) i%, Theorem 2.13 (4) &b, 5 0 € Ay, DMFEL
T,u=e? &RE3.

Lemma 3.7. A % separable C*-algebra & L, Property 1.2 2723 &3 5. (LD F € A,
mo(A) N K(Hy) = {0} 2723w € PS(A), £ > 0 1L, B3 G € A, 6 > 0 BHELT, LT
%7z,
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H L, pePS(A) kerm, =kerm,, |p(z) —w(z)| < §, x € G &I 25X, FED F' € A,
e >0, I UT, (ur)iepo) C U(A) THIZBIL TEBET, up =1,

lo(r) —wo Aduy(z)| <&, ze€F
lAdus(z) —z|| <e, xz€F, tel0,1]

Zii72 9 DOMFEET 5.

Proof. fERE®D (F,w,e) XU, Property 1.2 &0, % (G, ) 5. ¢ € PS(A) %, kermy, =
ker 7, |p(x) —w(z)] < §/2, z € G Zifi7=T LIRET 5. EEDF' € A, ¢/ >0%H5. ZTIT,
g <§/2LUTRW. §5¢ Lemma 3.5 &0, 5 uecU(A) WFIELT,

lp(z) —woAdu(z)| <&, z€F UG

e,
lwoAdu(z) —w(x)| <e' +§/2<6, €@

L7%3%. pi=woAdu &T 5, p e PS(A), m, ~m, (BT 1, ~m,) &5 2L &R
€ S(A)IZNUT, (my, Hy &) % o D OGNS RELL T 5.

(7)€, 8p) = p(x) = wo Adu(z) = w(uru”) = (m, 0 Addu(z)Ey, &u)

£V, (mp, Hpy &) ~ (T 0 Adu, Hy, &), —H, vi=m,(u) £ B<L &, v Hy, — H,, & unitary
T, 1, 0 Adu(z) = 7, (uzu*) = vr, (z)v* 2D T, (1, 0 Adu, H,,,&,) ~ (7, H,, &,). £27TC,
Ty~ Ty DT, m, B irreducible £ 72V, ¢ € PS(A) %= 7.

BAE& Y, Property 1.2 &9, &% (u)epo,1) € U(A) THIZBIL THEHBET, up =1, wo Adu =
woAduq,

|Adui(z) —z|| <e, z€F, tel0,1]
Zii7- 35 OMVFIES 5. HIT,
lo(z) —woAduy(x)| <€, z€F
Bz L TWD. O
Proof of Theorem 3.1. w;,ws € PS(A) A kerm,, =kerm,, Zii7=3 &3 5.

Case 1. m,, (A)NK(H,,) #{0} D& &.

7o (A)NK(Hy,,) # {0} &0, K(H,,) C 7, (A) Bbh5b. £3, 71, ~ 7, CTHBILER
37217,

(1) 7y, , T, D disjoint TER = 71, ~ 7y,
(2) Ty, , T, B disjoint TR

ZRTY.
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1) IZD2WTRT. 7,7, P disjoint TRWE U,
1 2 ]

( f Z ) € {(770.11 EB?Twz)(a) S B(le EBHW?) | ac A}/

95,

(pm(a) m(a)) p q)(m(a) 0 )
T, (@) s, (a) TS 0 T (@)

FoT,pem, (A) =Clg, , s € my,(A) =
{(7w, ® 7y, )(a) € B(Hy,, ® Hy,) |la€e A} =CaC
Y 150DT,
{(7w, ®7mw,)(a) € B(H,, ® H,,) | a € A} = B(H,,) ® B(H.,,)
= T, (A)" © 7y, (A)"

X0, 1, , T, W disjoint EROFE. £KoT,q#A0&T5. (r #0DEAEDFEE) 22T,
AT, (a) = T, (a)g, @ € ATZ272DT, ¢*qmy,(a) = ¢*mu,(a)g = mu,(a)g’q 702, Lo T,
q*q € Ty, (A) =Clp,, B"DT, \:=q*q BL. ABKIZLT, q¢* € 7, (A) =Cly, &729,

laq*[l = lg* I = llall* = lla*qll

BOT, \=qq* TH5. £oT, u:=q/V\ %N un,,(a) = 7, (a)u, a € A7%3 unitary
w: Hy,, — H, %#13%. £oT, 7, ~m,, £720 (1) DRE7.
UT (2) 2T Ty, T, P disjoint EIKET S &,

1 0

( > € B(H,, ® H,,)
0 0

= Tw, (A)H D ey (A)”

= {(Tur ® Tw,)(a) € B(Ho, ® Hay) |a € A} (+)

THbd. ZIT, (6)ieny % Hy D CONS & U, € := b, e, € K(H,,) 8L, p: 7y, (A) —
A/ kerm, (A) = A/ kerm,,(A) = 7,,(A) &, p:=7,, o7, L £T 5L, pld *-isomorphism T
b5, 1-72U, 7, A/ kerm,, (A) = 7,,(A), i = 1,2 % quotient map &3 5. ¢; € K(H,,) C
Ty (A) £V, ugs =70, Hew), f“ = T, (wii) = ple;) £&B < &, fi; 1Z minimal projection & 73
D, fi, € K(H,,) TH5. 5, (x) &9, B net ay € AT, m,,(ax) > 1532 7m,,(ax) >0
BT EONEND. I, 24 > 1= 200 D> 2a,a € K(H) THEDT, ey € K(H,) £V,
Ty (an)eis — e L7120 T, (ax+ker my, ey — e 2723, UT2h35 T, (ay+ker my, Jui — wi
&0, T, (ax +ker ) fii = fii RDT, wo, (ax) fii — fu #0 %25, —J, fi € K(H,,) &b,
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Ty (ax)fii = 0. £oT, FHELTWD. BLEXD, 7,7, 2 disjoint TRWEARD, ZhT (1),
(2) &0, w0y, ~ T, DD
X ->7T, % unitary U: H,, — H,, T,

Twy (@) = Umy, (@)U*, a€ A

Zi7-THDODMNDG. T T, U, &wy € H, U, || = |€ws|| = 172D T, Lemma 3.4 £ 0, &
% unitary V € B(H,,) T, V(U&,,) =&, BB DDMNENS. 2D VIZHL T, Kadison’s Transi-
tivity (Theorem 2.13 (4)) &9, »2 v € U(A), 0 € Ay BEIEL T, v =e" 7, (v)(U,) = &u,
B, ZZTu = te[0,1] & TBE, ug=1%i=9. HIZ,

wo 0 Aduy(x) = wy 0 Adv(z)
= (M (€0 0™ )y €
= (M, (2)Ubw;, U,
= (T, (2)UU &y, UTU &, ) = wi(2)

LD Case 1 D& ZIZR .

Case 2. 1, (A)NK(H,,)={0} D& Z&.

T, (A) N K(Hy,) ={0} &Y, m, (A) NK(Hy,) ={0} THS. 2, & A D dense sequence &
5.

Fi={n} B TEDe>0%85. (Fl,w,e/2) T U, Lemma 3.7 £ 0, % (G1,01)
NG, ZOLE G DF ELTHLW. (G1,6) 1L, Lemma 3.5 £V, 5% uy1 1 € U(A)
Y55 0e Ay BENT, upy = e 1o

lwi(x) —wo 0o Adugg(z)] < b1, z€ Gy

Zhi7zd. 22T upi=e 2B L ug=1ThHh5.

Fy = {x;, Adut (2) | i = 1,2} B, (Fy,wp 0 Adug,e/2%) (12X U, Lemma 3.7 £ 0,
BB (Go,0y) BWIUNG. ZDLE Gy CrUF, 6 < 61/2 2 LTHEV. ZhicHL, 55
(UQ,t)te[oJ] cU(A) neht, Uz =1,

lwi 0 Adug1(z) —wa 0 Adus1(x)] < d2, € Ge,

| Adugs(z) — || < g zeFy, tel]

LB,

F3 = {I’“Adual(l‘l) | 1= 1,2,3} &B< K, (Fg,wl OAdU271,€/23) L:jﬂ-b, Lemma 3.7 J: D,
» B (G3,53) BENS. :@t%, Gs D Gy U F3, §3 < (52/2 LLTH L. 1%0:5@@ » B
(UB,t)te[O,l] C U(A) 7J§<‘:7}’L’C, Uu3,0 = 1,

|wi 0 Adug 1(x) —wg 0 Aduy g 0 Adus(x)] <d3, =€ G,
€

| Aduss(@) =l < 5.

x € Fy, t€]0,1]

LD,
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ZOBEEEZBEEMNIZHEOEL, n W even D& E (n H odd DBESFER) |, F, =
{wg, Ad(uy,_y qusy gy ---ui ) (@) |[i=1,2,--- ,n} B L, (Fy,weoAd(ug1uz - Upn-1,1),6/2")
KU, Lemma 3.7 £ 0, 5 (G,,0,) BENDE. ZOLE, G, DG 1UF,, §, <d,-1/2&L
THEWV. 2L, DB (uni)iepp,) CUA) BENT, uppo =1,

|wi o Ad(uz1ua,1 -+ up1)(2) —we 0 Ad(urus - Un—1,1) ()| <0, T € Gy,

[ Ad up i (z) — 2| <

on—1"

et fé:é Z :T, Qp = Ad(ulwlu&l N 'U2n71,1) € Aut(A) bl < S an L:ﬁb,

xeF,, te|0,1]
9
(st = @) @) = | Aduzns1a () = 2 < 55

&0,

[(en sk = an)(@)]| < [(Qnsr = anr—1) (@) + [[(ntrh—1 = Qnpr—2)(2)]]

4+ 4 ||(04n+1 - Oln)(x)”

€ € €
< 92(ntk—1) + 92(ntk—2) +eoeet 92n
< 4 &

3 22n

LB koT, A=F, &Y, FEDze AIZHU, |[(anir —an)(@)] = 0 (n, k — c0). L7z
H5T, (o), W Cauchy FID A, $% a € B(A); BEIELT, an 5 a L7 5.
=3, o o= Ad(ub, Ui UG, ) € Aut(A) THD,
(g1 = an) (@) = [ Ad ug,, 1 1 (0 (7)) — o (@)
= llog,(2) — Adugn 1,1 (ay, (@)
Thd. 5,0 € Fop TN, [[Adus, 1 (z) —zl| < e/2*" THB. £oT, x e {x|i=
1,2, .20} DEE, aj(2) € Fan BDT, (041 — ay)(2)]| <e/22". Lo T,
(@~ )@ < 01— )@+ s — 0 2) )]

+ 4 [(ap ey — o) (@)]]

€ € €
< 92(n+k—1) + 92(n+k—2) oot 92n
4 &

$oT, A= T{a,} ROTHEBIZ ()2, 1 Cauchy FID %, 5 3 € B(A) BHELT, o 25 B
i,

— 212, Aut(A) 3 ap B a € B(A) £ T2, EED 2z € ATHU az = lim_ay,@ X0,
a 1F isometric *-homomorphism 7273, surjective TR\, LA L, 5 of = a;an:Og, aofl =
nlergoan oaf = 1&7%D, a,B IF surjective DT, o, 8 € Aut(A) Bbo»rsd. [HEKIZ, 5
v € Aut(A) BFETEL T, Ad(ug1uaq -~ Uzn1) ptin yThH5.

S AEBOneN, te n,n+1]1ZxL,

Ut = U1 1U3,1 " " U2n—1,1U2n+1,t—n,

W 1= U21U4,1 " * - U2n,1U2n+2,t—n
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L&, te0,00] IZX L, continuous path vy, w; € U(A) WEE D, a = tli)m Adv, THB. F
Te,vo=u10=1&0, a € Alnng(A) &0, FAKIZ, v = Jim Adw; T,y € Alnng(A) TH 5.
—00
¥72, Advr = of B a0, Ader BB ol THB. koT,up =1, vf € U(A) &,
al e Alnng(A) &7 0, FHERIZ v~ € Alnng(A4) TH 5.
G axe G, TR,

|W1 [¢] Ad(U271’LL4_’1 . ~un,1)(x) — W2 O Ad(U171U3’1 e Unfl_’l)((ﬂ” < (Sn
X0, A=G,)" BDT,n— o T,
|wioy(z) —weoa(z)| =0, z€A

Thd. oT woy=wroa &b, w=woaoy ! hDaoy~t e Alnng(A) &7 D, Case
212 2O0VWTHRET. O

Lemma 3.8. M % infinite dimensional von Neumann algebra &3 5%. Z®dD& &, M iZ norm
topology T non-separable T®H 5.

Proof. $1UI% (e;)2, Z OO, 7205 Y 2 ei=1895. a; =i R28F] (a;)ien P
BRI k(i) B X, =2 enp) £EBL. 2T, (Tn)nen & M D dense sequence &5 &,
fe /U, HBEF n(k) e NDBENT, | fy —xpw)l <1/2&TES. 22T, #5 k() & 1(i)
MEZNIE,
1 1
L=|fe = fill < 5t |Zn(k) — oIl + =1+ Zne)y — Zn |l

BDT, Tpy # Ty £7%8%. LD 5T, {(a:)ienDEHDINEIK } 5 k(i) = zppn{zn | n € N}
IZ injective TH B DT, 12N <IN 425, 128 > N 2D TFJE. &£ T, M X non-separable
Ths. O

Proposition 3.9. M % infinite dimensional von Neumann algebra, M, % separable predual

9% ZDLE, HDw,pePS(M) WHEIEL, FED a € Aut(M) IZHL w # poa &7z,

Proof. c: =R, cp ;=N £ <.
9, PS(M) > 2¢ %#,89. M % infinite dimensional von Neumann algebra & 3% &, M &
Dip < & HMFMERMEDIEL S 5 projection (e;)ieny Z A L. £oT,

)
M D { Zaiei

i=1

sup |a;| < oo } = Cp(N).

Cp(N) i unital abelian C*-algebra ¥ A, Gelfand DEH (Theorem 2.7) & 0, C,(N) = C(BN)
nond. 72720, BN X Cy(N) D character space T, $8N = 2¢ BFI65NTW5S. 7€ N &
3%, Cy(N) I abelian DT, 7 € PS(Cy(N)) THB. 7 & r € PS(M) ILIHET X 20T,
#1PS(Cy(N)) < #PS(M) %723 . PAEX D, 2¢ = #8N = 4 PS(Cy(N)) < 1 PS(M) £ 72 5.

I, X 7% separable Banach space 2 51, 41X = ¢ 2R 3. X 22— & € C(X*)) &
injective THd. 272U, 2(p) = p(z) £95. T I T, (X*); I& weak+-compact Hausdorff T,
X % separable 72 D TR 1T AIRETH 5. & o T, weaks-topology (22T, (X*); % separable
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Thd. £-T, (X*); ® weakx-dense sequence % (¢n)neny €93 5. 5, C(X*)1) > f
(f(¢n))nen € [1,en C & injective THB. £ T,

BX < HO((X7)) < (H c) = (0)5 = ¢ = (27)® =20 = 20 = ¢

neN
Thd. —/,0THRVzre XITHL, Co X Az € X X injective DT, X > ¢c. AELD,
X =c&72b.
RIZ, X H¥separable Banach space 72 51X, §B(X) = ¢ 27739, X D dense sequence & () nen
£9%. B(X) 3T (Txp)nen € [[,en X 1& injective TH Y, [[,cn X 3 (#n)nen — (0 —
2n) € {f: N = X} I bijective TH 5. LA > T,

neN

$B(X) < ¢ (H X) =t/ No X} =(X)° =co =c

neN
%%, —H,0THWV p e B(X)IZHL, C3 X A\p € B(X) IF injective 2D T, $B(X) > c.
UEXD, iB(X)=c 5.

B2, fAut(M) < ¢ 2R, 4, Aut(M) > a — & € B(M,) & injective THD. 7272
U,&: M, 3 p—=poate M, &35, LMo T, M, X separable Banach space 7D T,
fAut(M) < 4B(M.) =c k732 5.

BEIZ, D w,p € PS(M) WHFIEL, fFED a € Awt(M) IZH L w # poa 2iii7zd 2 L %21
HIETRT. 2F 0, ETED w,p e PS(M) IZXH LT, Hd ac Aut(M) T,w=poa £R5HLD
DHEIET D EIRET S, o e PS(M) 2 1 D& > THEETS. Aut(M) 2 a— poa € PS(M) I
surjective TH DT, fAut(M) > 4PS(M) THS. £>T, c> fAut(M) > §PS(M) > 2¢ &
BRBEMW, —MIZ c< 2°PAFIE. £oT, H5 w,p € PS(M) BFEL, (FED o € Aut(M) 1ZxF
Lw#poa Z7z7. O

4 Property 1.3 — Property 1.2

Theorem 4.1. Property 1.3 % i#i7z 3 C*-algebra i%, Property 1.2 %72 9".
PR, Theorem 4.1 Z R 72O DHEZ W DHhHET 5.

Lemma 4.2. H,, H» % Hilbert space & U, a: B(H;) — B(H3) % *-isomorphism £ 9 %. Z
DL &, H5 unitary U: Hy — Hy T, a(z) = UxU*, z € B(H;y) %{ii723 5 DPFET 5.
Proof. H; ® CONS % {ej}ien & U, eij := 0Oc,o; £H5 <. ey & mininal projection £ 0,
eiiB(Hy)ey; = Ceyy. ML o 2169 &, ale;)B(Hz)ale;) = Caley) &0, ale;) B mini-
mal projection £72%. &> T, % unit vector fi € Hy DFLEL, a(e;)Hy = Cf) 2727 .
fir=aleq)fr B L,

(fis ;) = (a(enn) f1, alejn) fr) = 0ij (1)
MK LD ZeDbhb. Fiz, slim, oo ) g€ = lg, THY, o iF normal 2D T, s
lim,, o0 Z?:l oz(eii) =1g, ThHbH. £o7T, €€ Hy WIZRU,

£= Za(eii)é (2)

i=1

18



MDD, 5,
alei) fi = alei)alen) fr = alea) fr = fi
T, a(e;;) 1 minimal projection 72D T, a(e;;) & Hy 725 Cf; ~D projection TH 5. &> T,

&, (1), (2), 3) &V, {fitien 1 F Hy D CONSTHS. ZIZT, w:Cey Xy = A1 €Cfr
EBE, U= 7 alen)we; £95 &, Uld unitary TH5. ZIZ T,

Ueij = a(eﬂ)weij = oz(eij)U
X0, EEDxe B(H,) TN L, Uz =a(x)U 725D T, UzU* = a(x) TH 5. O

Corollary 4.3. A % C*-algebra £ 35%. ZD& X, w, o€ PS(A) W7, ~ 7, 27374251,
HbdneH, WHFIEL T, p(x) = (m,(z)n,n), x€A%ZT.

Proof. m, ~ 7, &0, &% x-isomorphism a: B(H,) — B(H,) T, aon, =1, Ziiz3H0D
PEAET S, £ o T, Lemma 4.2 £ Y, %% unitary U: H, — H, C, a(z) = UzU*, z € B(H,)
Wiz TEDVIFET D, TIT,n:=U& BT, v AITHL,

p(x) = (mp(2)&p, &) = (U (2)U&y, &) = (mu(z)n, m)
&b, O

Lemma 4.4. A % C*-algebra ¥ U, H % Hilbert space, K C H % finite dimensional subspace
£9%5. P% HM»o KD projection & U, m: A — B(H) % irreducible representation & 3
5. ZDEE HDhe Ay WFHEL,0<h <1, m(h)|g = Plg 2723, 772U, a: H - K
W UT, algtda®D K ADHIREZRTHDLT 5.

Proof. {¢;}", # KD CONS & U, ZN& &L L 512 H D CONS {e;}2, kT 5. 95&
ZD&E, PiZHMPS KD projection 72D T,

{ei (ifi=1,2,---,m),

Pei =
0 (otherwise)

T®H 5. Kadison’s Transitivity (Theorem 2.13 (2)) & 0, 5 u € Ay, BMEEL,

{ei (ifi=1,2,---,m),

m(u)e; =
0 (otherwise)

Zi7z9. 5L, uec Ay £,

. e, (fi=1,2,---,m),
m(u*u)e; =

0 (otherwise)

T, |u| ¥ u*u DEHATELTE 5D T,

e, (ifi=1,2,---,m),
7(lul)e; =

0 (otherwise)
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Ths. FilZ, C EOZEN p(z) KL,

m(p(lul))e; = p(0)0  (otherwise)

{p(l)ei (fi=1,2,--- ,m),

TH5. ZIT,p% ¢: Clo(lu])) = C*(1, |u]) % functional calculus (Theorem 2.8) £§ 5.

0 {1 (f 1<),

t (fo<t<1)

YL, feCo(u) THEDT, HBLARDI (py)X_, BENT, f = limyopy £T
¥5. f(lu) = o(f) £BLE,

pN(]‘)eZ (1fZ:172a7m)7
pn(0)0  (otherwise)

W@MWM%Z{

DT, WAT N = oo & T,

fe; (ifi=1,2,---,m),

7(f(|ul))e; =
( (| |)> {f(O)O (otheI‘Wise)a

{ei (ifi=1,2,---,m),

0 (otherwise)

ThB. ko, [f(ull = IF] <150, b= f(ul) EBHE 0<h< 1T, a(h)lx = Pli %
W7z 9. O

Lemma 4.5. H % Hilbelt space & U, &,&, -+ ,&n,m1,m2, - ,0n € H D span{&; | i =
1,2,---,n} Lspan{n; | i = 1,2,--- ,n} Zi7=3& 935 LTEDe>0IFL, $5 5 > 0
PELEL, (&, &) — mivmy)| < 6,4, =1,2,--- ,n72oIE, 2 Up: span{; |i=1,2,--- ,n} —
span{n; | i =1,2,--- ,n} T, Up {& unitary 22D ||Up&; —mil| <&, i=1,2,--- ,n Zfi72 3 H DA
AT 5.

Proof. BB SIFWORFERAD Z LI12&D, &,8,-- ,&n(m < n) % linearly independent & 3
%. linear map T: span{¢; | ¢ = 1,2,---,n} — span{n; | ¢ = 1,2,--- ,n} & T(&) = n,,
i=1,2,-- mIZEDEDD. FEEDE € (spanf&; | i =1,2,--- ,n}) ITHL, £:= 31" ai&i,
a; EC LI 5L, (span{; |i=1,2,--- ,n})1 D& i:lIg?-J}f,m|ai| e Cl3ERHTH 5. (span{s; |

i=1,2,---,n}); (& finite dimensional normed space @ bounded closed subset 72D T, compact
TH5. ULizWoT, LOmap ldmAEZ LS. TRhbbH,
max |a;| < max ( max |a¢> =K

i=1,2,- lel<t \i=1,2,-,

Thd. FEED e ZHU, § := min{e/{K*m?},e?/{Km +1}} £$5&, & =" a& €
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(span{& |i=1,2,--- ,n}) WL,
€N = I1TEN?| = 1€, €) — (T, T¢€)]
= iaiaj(<§i7fj> = (ni,m5))
< n;jK% =c

I, 1-e<|TEP<14+e&BDDT,span{& |i=1,2,--- n} IZHL, /€| 2FEZDZ L
iz&0,

L —o)lel* < ITel” < (1 +e)lgl? (1)
THHDT, T I ingective THD. £oT,
m = dim(span{§; | i =1,2,--- ,n}) < dim(span{n; | i =1,2,--- ,n})

THhd. [ARKIZL T, injective 72 map S: span{n; | i =1,2,--- ;n} — span{&; |i=1,2,--- ,n}
BEEDLZENTEEDT,

dim(span{n; | i =1,2,--- ,n}) < dim(span{ |i =1,2,--- ,n}) =m

ThH5. £oT, dim(span{n; |i =1,2,--- ,n}) =m0 n5. (1) X0, (T*TEE) — (£,€)] <
eliél®. £-7C,

1T =1 < [T°T = 1| = sup{[((T"T = DE O] €] <1} < e

Thd. 22T, T 2WafEshiX, T = Uy|T| 7% isometry Uy: span{¢; | i =1,2,--- ,n} —
span{n; |i=1,2,--- ,n} BROND. ZDO Uy W RDEZHLDTHDI L EZ/RT.

IT = Uoll = |Uo|T| = Uol = [T = 1| <&

DT, F=max{|&] |i=1,2,--- ,n} £BL &,
(a) j=1,2,--- . mDE&E,

10085 — nill < NUo&; — T + [1T€5 — 5l
< [lelll&; |l < Fe

L.
(b)j:m+1,m+2,~-~,n@t%,szzglai& tTé&,Tfj:Zm alm'C%V)
IT& —nill> = asd;(ni,mg) = > ai(niyn;) Z (i3} + (i m5)
] i=1 j=1

< (K*m?§ + Kmé + Kmé + 6) + zéz 6;

=0(Km+1) < &?
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&2 T,
100&; = mjll = I1U&; = T& || + 1T€; — 5
<Fe+e< (F+1)
DT, #1F Uy 7 surjective TH B Z & Z2RBFIZR.
ranUp 2 span{¢; |i=1,2,--- ,n}/kerUy = span{¢; | i =1,2,--- ,n}

&0, dim(ranUy) =m TH 5. —74, dim(span{n; | i =1,2,--- ,n}) =m 7Z>7DT, ranUy C
span{n; | i =1,2,--- ,n} &V, ranUy = span{n; | i = 1,2,--- ,n}, &>, Uy »* surjective TdH
52 HRET. O

Corollary 4.6. H % Hilbelt space & U, &1,&, - ,&n,m1,m2, - »n € H 2 span{&; | i =
1,2,---,n} Lspan{n; |i=1,2,--- ,n} Z{ii7z3Ld5. FEDe>0ZHL, 5§ > 00
EL, [(&,&) — mismy)| <0, 4,5 =1,2,--- ,n72 5, 5 unitary U: H— H T, U? =177
U& —mill <e,i=1,2,--- ,n, |[Unp =&l <e,i=1,2,--- ,n Z2ifi7=3 L DDVFHET 5.

Proof. Lemma 4.5 £ 0, fEED e > 01 L, 5 Up: span{¢; | i =1,2,--- ,n} — span{n; |
i=1,2,---,n} T, Uy I unitary 222 ||Up& —mi|| <e,i=1,2,--- ,n &= HDMPFHET 5.
Riesz DRIIEME D, 5 Ug: span{n; |i=1,2,--- ,n} = span{&; |i=1,2,--- ,n} T,

(Uoz,y) = (x,Ujy), xe€span{; |i=1,2,---,n}, y €span{n; |i=1,2,--- ,n}

Eili- 3L ODPFMET . Uy % unitary 2D T, Uy ' & unitary T, U =U; ' TH 5. 7z,
[Ugni = &ll = llmi — Uo&ill <&, i=1,2,---,n
ThHb.

H =span{& |i=1,2,--- ,n} @span{n; |i=1,2,--- ,n} @ (span{&} @ span{n;})*
BDT, U = Uy ® U ® idspanie;jospaninp: B E, Up = Uy DT, U2 =1TdHH
i=1,2,-- ,nizxL

1U& —mill = 1U&i — mill <e,
[Uni = &ll = 1Ugm: — &ll < e
L5, O

Lemma 4.7. H % Hilbert space £ U, a € B(H), £ € H £ §5%. {LED e >0, f € C(C) iZx
U, 556> 0DFHEL, ||a€]] < § w51, [|f(a)é — F0)E|| < e ZHE=T.

k=0 Z|ak|

k=1

Proof. f(z):= Zakzk, ap€C,d=—— 4 B,
|a||k1< )

(@) = FO)E] <D laxllla™¢]|

k=1
< laf** <Z |ak|> b=¢
k=1
0, ZHAZODVWTIEHRY. HEfHAKIIZHEHATEMTE 20T, FRIFK LT 5. O
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Corollary 4.8. H % Hilbert space £ U, a € B(H)s, E € H T 5. TED e > 01T L, &
%8> 0MBFEL,

lag — €l <6 = [le™ e+ ¢l <e (1)
lagll < & = [le'™e — €|l <€ (2)
R
Proof. £7, (1) IZDWTRT. f(t) =™+ a3 a— 1% Lemma 4.7 I[ZH#HHT 2 &,
lag —€ll <8 = |l e — (=€)l <€

AR
WIZ, (2) Z2R7. f(t) =™ % Lemma 4.7 (ZH#HT 2 &,

lagll <6 = |le™ ¢ —¢| < e
b AR O

Lemma 4.9. A % C*-algebra, H % Hilbert space & U, m: A — B(H) % irreducible represen-
tation £33, £,& € HW &) =&l =1ThHoET5. EEDe >0, 56 >0
AL, |6 — &l <6 2o, BB ucU(A), a € Asq T, u =€, m(u)é; = &, ||1 — 2| < e,
t€10,1] 2729 HDIWFEET 5.

Proof. Lemma 3.4 ® § 2 NI, 5 unitary V € B(H) T, |V —1g| < e D V& = &
i3 OMBFHET 5. ¢: C(SpV) — C*(V) % functional calculus (Theorem 2.8) £ 3 5.
logV :=p(logz) & U, k:=—ilogV &EL &,

k" =i(log V)" = ip((log 2)") = ip(log z)
=ip(—logz) = —ilogV =k

DT, k & self-adjoint TH 5. £7z,

|kl = ||log V|| = sup{liarg 2| | = € SpV'} < 2¢
x 0 n ) * 0
Thd. V= 01 on C§1+C€2@(C§1+C§2) v, V= 01 BRDT, k =

0
—ilogV = ( ; 0 ) T»H 5. Kadison’s Transitivity (Theorem 2.13 (3)) &V, % a € Ay,

T, W(a)‘((jglJr(cgz = k|@§1+(c§2 73‘07 HaH S 4e }2{%7,‘:@_% @ﬁ‘ﬁ@?é u = ei“ E:EB< 2:, TR
unitary T,

n

rlu)e = o @g = 3 T e 52 7,
i 2

n=0
=ete =eBVE =VE =6
Thsd. HIZ, te0,1] LT,
11— €| = sup{|l — ™| | s € [~4e,¢]}

<1 — ¥t < dte < 4e

23



Proof of Theorem 4.1. {FED F € A, m,(A)NK(H,) ={0} 2% wePS(A),e >0% & 5.
E: H, — C¢, % projection &3 5. (F,7,, E,c) {ZX LT, Property 1.2 &0, %5 neN&,
x = (21,22, , &) € M1, (A) PFIEL T, ||zz*|| < 1, my(z2*)E = E, ||[adaAd x| <&, a€ F
iz, Go={wx} 1,7 =1,2,--- ,n} LB e > 012U, Lemma 4.9 X0, H5 dy9 W7
ET 5. 649> 018U, Corollary 4.8 £ 0, 5 648 DFET S. d48/n > 012X L, Corollary
4.6 £V, B2 046 WFEET S, 6 := min{dse,075/4n} LB

@ € PS(A) B 7y, & 7y, p(z) —w(z)| < 06, v € G &HMizdLd 5. $5&, Corollary 4.3 & 0,
bBneH, WFELT, o(z) = (r,(x)n,n), v € A 2723, £oT,

(7 (7)€ T (2)€00) — (Mo (@i)n, moo(2)m)| <6, 4,5 =1,2,--+ ,m

VC“%%‘\’ ::"67 wa = Span{ﬂ.w(xi;)fw | 1= 1727"' an} ) LT? = Span{ﬂw(l‘:)n | 1= 1727"' vn}
5.

Case 1. Lg, L L, D& &.

|<7Tw(x;<)£w'a77w(x;)§w> - <7Tw('1::)7777rw(1‘;()n>‘ < 54.67 7’7.7 = 172a R [0

72 MDT, Lemma 4.6 £ U, % unitary U: H, — H, T, U? =102

U (ru(a)6) = ma@inll < 52, =12, ,n

|U(ro(@n) = mola)boll < 50 i=12,m

iz TEONFET S, ZIT,P:=(1-U)/2&8LL,
P(m (w760 — (] )n)

=%{(m(xf)€w = mo(@7)n) = Ulme(27)€w — mo(7)n) }

»D

P (27)8w + o (27)1)

:%{(m(xf)ﬁw + o (27)n) = U(me(27)€0 + 7 (27)1)}

94.8

20

TH%. Lemma 4.4 £V, PIiX Le, & L, ~®D projection 78D T, D h € A, T,0< h <1,
Tw(h)|Le oL, = P 2736 DHBELEST S, h = Ada(h) = Y| xha} LB T5L,
0<h<1&Db,

BOT, |h| <1 THB. LEh>T,

lla, ]|l = (ada Adz)(h)| <&, a€F
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b, 5,

(1 = (™)) 2| = (1 = 7o (z2™))7.n)
= |1 = (mo(zz")n.n)]
= |<7Tw(xm*)£wyfw> - <7Tw(371’*)77,77>‘ < néd

2DT,
10 = m(aa™)nll < (1= (w2 2 = 7o (za”) )

Ois _ Oas

<1-vnoé < =
L 2

THhd. LhoT,
o (h) (€ = 1) = D Moo (@) P () (€ — 1)
i=1

S4.8

i > (i) me (27) (& — n)
=1

B §wo—1
Thb. FERIZ,
Tw(h)(§w + 1) = Zﬂ'w(IZ)Pﬂ'w(z;’k)(fw +n)
=1
f wa(xl) 0=0
i=1

& oT, n,(h) € B(H,)sq DT, Corollary 4.8 £ 1,

Thsb.
™™ B (&, — 1) + (€0 — )| < Sa9

™™ M (&, +n) + (& +1)]| < a9

5. £oT,
ﬂ'w(eiﬂﬁ)ﬁw _ eiﬂ-ﬂ'w(ﬁ) (5&02_ 77) +ei7rrrw(ﬁ) <£w;‘77)

5}\;9 fw_n €w+77 _
) ()

YRBZEBBNE. ZIT, [ru(e™)e] = [0l = 1 ROT, Lemma 4.9 £, 3 u € U(A),
k€ A T, u=e* my(u)(m, (™)) =, |1 — eit|| < e, t € [0,1] 27T HDIFIET 5.

up = e~ HTh L emitk p X T NARDEZLEDTHEIEEUTRT. ug =1 EHSNLTH 5.

woAdul( ) _ <7Tw(e—iwﬁe—ikxeikeiwﬁ)gw’§w>

= (mo(@)n,m) = (), x€A
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BOT, HBIEHD N e RITHL,

lAdus(a) —al| < Xe, a€F
BRIl ae FITHL,

| Adue(a) = afl = lacteit™h — eitkeitnh

— ”(aeitk _ eitka)eimﬁ _ eitk(aeimﬁ _ eim;}a)”

< ”aeitk _ eitkaH + ”aeitwﬁ _ eitﬂﬁaH
X0, FhENEFMT S, T,

lae™™ — ]l = fla(e™ 1) — (£ — 1)a]
< 2faf e — 1| < 2 (mg; a||) .

Thd. —H,

2L (itrh)" = (itmwh)"
az n! _Z nl

n=0 : n=0

”aeitwﬁ _ eitﬂﬁaH _ ‘

n
|

< 3" T (lah™ — hak™ Y| + [[hah™ ! — h2ah" 2|
n
+ -+ | tah — h™al|)

e " _ _ —
<Y —nllah — hal|[|2]"

n=

=

o0 n

3

< ne = e mwe

3

Il

—
S

ROT, LAELD,

lAdus(a) —al| <2 (ma}g{ a||) €+ e"me
ac

= (2 (max ||a||> + e”w) e, acF
acl

LiRb.

Case 2. L¢, L L, TIRW\WE &.
Case 2 1%, ¥YR®D Lemma & Corollary % iR U 7= TS 5. O

Lemma 4.10 (Glimm’s Lemma). H % Hilbert space & L, A C B(H) % C*-algebra 7% A N
K(H)={0} #7292 35. pePS(A), FEA% & VD, K C H *% finite dimensional subspace
LTB. ZOLE LEDe>0IIRL, ®5 unit vector £ € K+ T, |p(x) — (2,8)| <e,z € F
73T EDONRFIET 5.
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Proof. {LE®D (o, F,K,e) #& 5. Lemma 3.3 &0, H%ec AT, 0<e <1, pl) =1,
le(x—p(x))e|| <&, x € F Z2ifil=3DWPFMET S. Px: H— K % projection £§ 25 &, P =
1-Px TH%. q: B(H) — B(H)/K(H) % quotient map &35 &, q(Pg.) =q(1—Px) =q(1)
RDT,

q(PrrePgr —e) = q(Pgr)q(e)q(Pr) — qle) = q(e) —g(e) = 0

XV, PriePyi —e € K(H) TH5. 72, a € AIZHU,qla) =083 25&,ae K(H) £V,
a€ ANK(H)=07®DT, q|a & injective TH 2 Z &hbnd. LIzNoT,

1> |[PgrePge|l = |lg(PgrePr)| = [lae)]| = [lglale)]| = [l =1
DT, |PyrePg| =1 Th5b. £oT,

1 =||PgrePg.| =sup{(PxrePr.£€) | |I&]| <1}
= sup{(e€, &) | |l¢] <1, € € K*}
= sup{(e€, &) | €] =1, € € K*}

&0, H% unit vector £ € K+ T, 1 — (e€,6) <2 2= THOVELETS. DL E,

lle€ — &|1> = (e2€,€) — 2(e€, &) + (£, €)
<1— (e, &) <é?

IRDT, |le€ =& <eTHB. £oT, M := ma}(HxH LB, ze FITHL,
TE

o) = (p(2)€,€) R (pla)et, e€) = (ep(a)et, )
% (ewet, €) = (wet, ef) "R (2£,€)
BT,
p(x) — (@€,6)| < (4M + 1), z € F
O
Corollary 4.11. A % C*-algebra & L, w € PS(A) %%, m,(A) N K (H,) = {0} #i=T L3 3.

FeA#%&b, KC H, #% finite dimensional subspace £ 3 5. ZD& & LED e > 01X L,
& % unit vector £ € K+ T, |w(z) — (1,(2)€,8)| <&, v € F %273 L DOMWFHET 5.

Proof. w'(m,(z)) :=w(z),z € AL T5L,w €PS(n,(4) TH5. (m,(A),w,m,(F), K, e) IZ
DWW, Lemma 4.10 £ 0, 3 unit vector £ € K+ T, |w'(z) — (2£,€)| < &, 2 € 7, (F) %7z
TEDWFET S, £o T, |w(z) — (mu(2)€,€)| <e,x € F Zhil=7. O

Proof of Theorem 4.1.
Case 2. L¢, L L, TIRW\W& &,

K :=span{m, ()¢, mu(z)n |z € G} B &, m,(A) N K(H,) = {0} DT, Corollary 4.11
0, (Aw G K, §/2)1zxf L, &% unit vector ¢ € K+ T,

[wf@) — (@), Ol < 5, weC (1)
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Rl OIFET 5. HOD S, Jw(z) — (@), )| < 6/2, € G £ LTBIE,
(T (2)¢, Q) — (mu(@)n,m)| <6, z€G (2)
¥7B. E72, (e KE &, (my(20))60, () = 0,6, = 1,2, ,n BOT,
(T (@) ma(@])Q) = 0, 0,5 = 1,2, ,m (3)
TH Y, AR, (m,(z23)n,¢) =0,4,j =1,2,--+ ,n BDT,
(Mo (@i)n, mo(27)C) =0, 4,j=1,2,---,n (4)

TH5. Le :=span{m,(z])(|i=1,2,--- ,n} B &, (1), (3) &b,

(7 (7)€ T (27)€0) — (Mo (27)C, Mo (27)O) <6, 4,5 =1,2,--+ ,m, )
Le, L L,
(2), (4) &9,
(7o (7)€, Mo (@7)C) — (o (@), mo(@)m)] <0, 4,5 =1,2,-+ ,m, ©
Le L L,

2195, (z) = (m,(2)(, ), v € A LBL. (5), Case 1 DFER LD, 5 v, € u(A) T, v9 =1,
Y =woAdwvy,
lAdvi(a) —al <e, a€F

=T ONRGFEET S, HBRIZ, (6), Case 1 DFER LD, 5 wy € w(A) T, wo =1, p =
Yo Adw,
lAdw(a) —al <e, a€F

BT EONMEET S, £oT, upi=vawy EBTIE, vy =1,
woAdu; =woAdviw; =woAdwv; o Adw; =9 oAdw; = ¢
Thy, BIFEDte0,1]&,ac FIZXLT,

| Adwu(a) — al| = ||aviw, — viweal|
< [[(ave — via)wy | + [[ve(awy — wya)|
= llave — vial| + [law;, — weal

= | Advi(a) — al| + || Adwe(a) — af| < 2¢

b7z 7. O

5 Any separable C*-algebra satisfies Property 1.3
Definition 5.1. A % C*-algebra £ 9 %. Bil(A4) %,

Bil(A) :=={V: Ax A — C|V is bilinear , |V|| < oo}
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WZKOEDD. 72720, |V :=sup{|V(a,b)| | a,b € A1} £ T 5.
F72, A® AT norm %

15[l := inf {Z llaa 10
i=1

Ik o TED, L7zt DE AR A LEL.
¥ 7z, M % von Neumann algebra &3 %. Bil,(M) %,

S = iai ®bl}
=1

Bil, (M) :={V € Bil(M) | V is separately o-weakly continuous}

&9 5.
Lemma 5.2. A% C*-algebra &3 5. $5&, Bil(A) ~ (AR A)* TH 5.

Proof. w: Bil(A) = (AR A)* ZUTOLIICLTEDS.

V e Bil(A) T/ LU T, w(V)(a®b) :=V(a,b), a, be A &3 % &, linear functional w(V): A®
A= CHEED, lwW)|| =[V|a TH3B. 5, w(V) i bounded 2D T, w(V): AR A — CIZ
MIETES. £oT,w(V) e (AR A)* DT, w: Bil(4A) » (AR A)* WEE 7. TD w i,
surjective TH 5 Z L ZRT. FEED p € (ARQA)* ITHL, Ula,b) :=9(a®b),a, be A LED
2L UeBil(A) THY,

wU)(a®b) =Ul(a,b) =9(a®Db)

£V, wlU) =9 DT, wld surjective 725, BLEX D, wid isometry isomorphism 7D T,
Bil(A) ~ (AR A)* &7 5. O

LR, Bil(4) & (A® A)* 2 ARICFEA—HT 5.
Definition 5.3. A % C*-algebra £ 95%. a c AIZHU L,: AQA— AR A%,
L,(b®c):=ab®c, b, ceA
IZEDEDD. FARIZ, Ry: AQA— AR A %,
R,(b®c):=b®ca, b, ceA

35, §5&, Ly, Ry 1 bounded bilinear T, | L,|| = ||Ral| = |la|| THB. 7z, p: ADA = A

z,
p(b®c):=be, b ceA

L5, T5L, pldnorm-decreasing 7% linear map TH 5.
M % von Neumann algebra & U, p: Bil(M) — [®°(M;) ZEATD X S IZEDS. V € Bil(M),
a€ M IZHU, p(V)(a) :=V(a*,a) T 5L,

(V) = sup{[p(V)(a)] | [la] <1}
= sup{[V(a®,a)| | [lal| <1} < [[V]

0, (V) ik bounded DT, (V) € I1°°(My) £72 0, o: Bil(M) — (M) BEHRTE72. Z
Do EUFHNEZ LIZT 5.
RDAER L, Haagerup [8, Theorem 2.1] IZ&£2EDTH 5.
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Theorem 5.4 (Haagerup). M % injective von Neumann algebra &3 %. ZD& &, 5 (M)
£® mean m T,

m(p(La V) rary) = m(e(ReV) 1), V€ Bilg(M), a € M

T EDONFEET S, 272U, M C B(H) 7 injective TdH 5 &1, & 5 linear map
E: B(H) — M T, E(a) = a, a € M52 |EG)| < b, b e B(H) Zilit=3 5 Ohl5T 5
ZEEWS. E2,mPEES X LD mean TH B LI, m e S(I>®(X)) 27z TH5.

ZDEHEEF\WT, L3 D separable C*-algebra (& Property 1.3 2723 Z £ 257 .

Lemma 5.5. M, N % von Neumann algebras ¥ U, 7: M — N % normal *-homomorphism &
T5. 20L&, H5 projection e € Z(M) T, Me ~ (M) %#ii7=3H DVBIFIET 5.

Proof. ker7 I o-weakly closed ideal 72D T, & % projection z € Z(M) T, kerm = Mz % ji7=
TEDRFET S, 58, M(1—2) 3 z(1—2)— m(z) € m1(M) I *-isomorphism TH 5 Z &
BHOMBEDT,e:=1—2 &TNE Me~n(M) Bbhb. O

Lemma 5.6. X % Banach space £ L, S % X D subset £ 5. ZDL X, 08 =coS %l
7=7.

Proof. coS' C coS" IFHISHARDT, coS D colS ZHHETEY. bz e oS T
r¢coS LhBHDHHo7E$ 5. Hahn-Banach (Theorem 2.6) & 0, & % weakly continuous
functional 7: X - C &, $5 t € R T,

Re7(y) <t <Ret(z), yecoS"
T EDODPEET S, 2 €c0S &0, 1y €c0S Ty S a75net vy IS L, Bz
Rer(zy) <t <Rer(z) for all A
B LTWS. LA, 7(z)) = 7(z) THo7=DT,
Re7(z) <t < Rer(z)
LD FETHSB. LD, 0S5 Dol Bbhotk. O

Lemma 5.7. A % C*-algebra & L, m: A — B(H) % non-degenetate representation & 9 %. Z
DL E, m(A)" ¥ injective R 51X, HB net T\ € A® AT, LARD 1~3 %2§ii 723 £ DOBFEET 5.

1. Th €co{lz@a* |z € A, ||| <1}
2. |LaTh — RyTh|a =0, acA
3. m(p(Ty)) =1 in B(H)

Proof. ¥9, p: A — B(K) % universal representation £ 3§25 &, 2 p: A — p(A)" T,
surjective, isometic 2*D o(A**, A*) to o-weakly continuous T, ND AKX % i 72 5 D AT
1£9%.



¥ 7z, universality £ 0, 5 7: p(A)” — 7(A)" T, o-weakly continuous 22, FD AKX A %
5729 DDVFHET 5.
A ?("I)N
,n_(A)//

Lo T, 7 =70p &BL &, 7 & surjective 2D g(A**, A*) to o-weakly continuous T,

AHA**

b

7T(A)H

i3, XoT, A & p(A)" ZFA—HT NI, Lemma 5.5 £ 0, 5 projection e € Z(A**)
T, Ae~m(A) = M %73 L DMFIET 5. £72, Lemma 5.5 D proof £V, e =1y TH
5Zbhnb.

Z 2T, M % injective 7D T, Theorem 5.4 £ 0, & % I(M) E®D mean m T,

m(e(LaV)lrry) = m(e(ReV)liary), V € Bil,(M), a € M

k7T ONELET 5.

IXIZ, [9, Proposition 2.2] & [10, Lemma 2.1] {Z & Y V € Bil(A) iZ—&IZ jointly o-weakly
continuous 72 V € Bil, (A*) IZHEETE 2 Z ¥ Abhd. £/, 20 |V| =|V| & T&5.
£ T,V eBil(A) RHUT, w(V) == m(e(VIm)lian) €T 5 &, we (Bil(A)* = (A® A)*
TH5. 12720, ¢: Bil(M) — (M) 13V € Bil(M), a € My iIZX U, p(V)(a) :=V(a*,a) &
LT\,

ZDEE IRD I'~3 MR D 3D,

*

U wecofz@a [ze4, o <1}

2 L**w=R*wv, acA
a a bl

3 p™*(w) =ein A™

U ASHECTRT. wecofz@at |z €A, |z <1} &7 5. Hahn-Banach (Theorem
2.6) &b, % w*-continuous linear functional 7: (A® A)** - C &, 5t R T,

Re(y,7) <t <Re{w,7), yecofz@a* |z €A, |z] < 1}w

T EONEETSD. ZOTIZHULT, B0 (ARA) WEELT, 7 =0 2§, 7272
U, 0(f):=f(0), feARA LTS T2,

Re(y,0) <t < Re(w,d), yeccolz@a* |z €A, |z <1}

L7 b Rz,
Re(z @ z*,0) <t < Re{w,0), x¢€ Ay
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THd. ZIT,uel(M)IZO2\WT,ueI(M)C (A*), 72D T, Kaplansky (Theorem 2.9 (3))
XD, BB ag € A T, a0 5 u BWlir=THLOWEIET 2. £72, 0 € (AS A)* = Bil(A) & b,
0 € Bil(A™) IZHIETE 2 DT,

Re(a}, ® aq,0) <t < Re(w,0) for all o

L%, a A ThIE, 61 jointly o-weakly continuous DT, fEFED u e (M) 12 LT,

Re(u* @ u,0) <t < Re{w, )
= Rem(p(0]u)())

= Rem(@(", "))

7RDT,

Rem(0(-*,-)) <t < Rem(0(-%,"))

LOFETHB. £oT, 1" WREE.
WIZ2 %RT. Ve (AR A)* =Bil(4) LT,

(Lew)(V) = w(LzV) = w(VLa) = m(o(V La|ar) 1(ar))
THhb. ZIZT,c,dci(A), ex e, wy € (A)ITHL,
(L% V|ar)(ce, de) = V|p(ace, de)
= V(ace, de)
=V (a—wli)r\n(ace,\,de,\))
= a—wliin V(acey, dey)
= J—Wliinm(cemdek)
=V Lq(ce, de)

=V La|n(ce, de)

RDT, (A) IE A 1ZBWT o-weakly dense TH B Z & &, L% V|, VLa|ar 1 EZH0EH jointly
o-weakly continuous THHIZ & KD,

VEaly =L Vu
L7485, #HiZ, Theorem 5.4 £ 0,

(Lyw) (V) = m(e(Le V) an)

= m(W(RZemM)h(M))
ThH5. [z,
(R w)(V) = m(o(Ry.V|an) | rar))

IRDT, L*w = R*w &720, 2 WS,
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XIZ, 3" 2779, Kaplansky (Theorem 2.9 (3)) & 0, ¢(A4)q 1Z A7* IZH W T strongly dense 72D
T,a€ MIZHU, 2 1(A)]q D net t(ar) T, t(ar) > a 27T HOHHNS. kI, be M
U, 2 L(A)p D net 1(by) T, u(by) 2 b &ifi7ZTLONEMNDS. £oT, fe A" IZHL,

—_~—

PN (@) =) (s mGan). )
= s-limp" (f)(¢(ax), 1(by))
— o(A", A lim(foa{anb,) = (F.ab)

Thd. oT, FizveI(M)IZHL,

e~ e~

9(v) = p*(N)la (0", 0) = p*(F) (W, 0) = (f,v70) = (f, 1) = ([, )

DT, g € 1®(I(M)) FEBEBTHS. £oT,

m(g(-)) = m((f,ab)1rar)) = (f,ab)

DT, AERED f e A ITxf L,

(p™w, f) = (w,p"(f))

= m(e(p*(f)a)lran) =m(g() = (f.e)
L0 prw=ecbb, 3 BRE.
BLELD, U~3 2bhokDT, 225 1~3%5T. VdD, wecofz@a [z e A, [z <1}
72o7=DT, H5 Ty ccolz@z* |x €A, ||z <1} Tu(T) ™ win (A® A)** %79 net 2
Wb, 22T, LyTy — R\ S0 AR AZTRZED. £, [EHED f e (AR A)* ITXL,

(U(LaTr), f) = (LT, ) = (Tx, Ly f)
= <L(T>\)7 L2f> = <L:*L(T)\)7 f>
£V, U(LaTy) = L u(Ty) DT, EED f € (AR A)* ITRL, 2 kDb,
<La7& _WRaI&7f>:: @(LQTX_'E%1})7f>
= (Ly"u(Tx) — Rg"u(T), f)
- <L(T>\)7L2f> - <L(T>\)7 R2f>
- <W7 L2f> - <w7 R2f>
=(Lw—R:w, f)=0

BDT, LT — Ry Ty > 0 W F A7z,
ITC,HEDFeA Ge(ARA 22D,

Cre = { P (LT - RT) & P T)p - pw)) | T € cofe@a’ |x € A, [a] < 1) }

acF peG
cPhusaepc
acF peG
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LB B, @ep(A®A) @@, C i 'norm ZANEHDETE. T5HL, Cpe i
convex T, Lemma 5.6 £V, 0€ Crg =Crg TH5. ULEWN>T, EEDe > 018U, H5
Thg€colz@a* |z €A, |z| <1} T,

D (LuTic — RuThe) © D (The)e — o) <<

acF weG

72T HOAIND. Ko TRIZ,
||LaT;"G - RGTE‘,GHA < 5, a € F
L TEe)e —pWw)) <e, ¢eG

7%, 22T, AD finite set, (A® A)* @ finite set DM (-, -) 12, EHF %

(Fl,Gl) > (FQ,GQ) <de:fn> F D Fgf)‘/) G1 D Gy

CREDBH. TH <‘:., ﬁ:_‘/j%:@ a < A, p e (A@A)* L:;ﬁbf, a < F’()7 (RS Go =9 &SI (F(),Go)
BB, (F,G) > (Fy, Go) 75 5 12,

HLaTkE“,G - RaTIE«iG”A <e
L(Thc)e —pw)) <e

Zii7zd. XoT, BYITRAFENOBEZASLZLIZEST, HD Ty € co{z@zr* |z € A, |z|| <1}
7% net T,

|ILoTx — RoTh|la =0, acA
UTy) % win (AB A)*

iz THDOBMND. ZD T\ HRDBEDTHS. 1L 2FBIIRLEZDT, ik 3 2R
FIELWV. p* (AR A = A 1Zo((AD A, (AR A)*) to o(A**, A*) continuous 72 DT,

1) TS @) = e TB Y, pr(UT) = T) BOT, 1(pTy) TS e 2185,
AN
7

A - 5 A**
,n_(A)//
T, 7' X o(A*, A*) to o-weakly continuous 72D T,

g-W

m(pTy) = 7' (u(pT)) = 7'(e) =1
0,3 bRE7. O

Lemma 5.8. A % C*-algebra & U, m: A — B(H) % irreducible representation &3 5. ¢ > 0
XL, Se B(H) W ||S|<eTHhsb& L, E% H L finite rank projection £ 4 5. ZD& &,
Hbaec AT, |a|| <4e, w(a)E = SE, En(a) = ES %{ii723 5 DPFET 5.
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Proof. S=ReS+iImS & U, Kadison’s Transitivity (Theorem 2.13 (3)) &0, 5 b,c € A,

T, o]l < 2e, [ < 2e 2D

m(b)E = (ReS)E
m(c)E = (ImS)E

BT HONEET S, 2 ODRDIHLT « &2 i,

En(b) = E(ReS)
En(c) = E(Im S)

ThHhdIledbbhd. LoT,a=bt+iceBL L&, ||a]| <2+2e=4eTHDY,

w(a)E =nw(b)E +in(c)E = (ReS)E 4+ i(Im S)E = SE
En(a) = En(b) +iE7n(c) = E(ReS) +iE(Im S) = ES

LiRb.

O

Corollary 5.9. A % C*-algebra & U, m: A — B(H) % irreducible representation &3 5. € > 0
XU, Se BH)W|S—1||<eThHsL L, E% H EO finite rank projection £ 9 5. Z D

L& H5acA+C17T, |la—1| <4de, w(a)E = SE, En(a) = ES Z}i7= 3£ DOPFIET 5.

Proof. Lemma 5.8 D S % S — 112, a % a+ 1 1IZF X L.

O

Lemma 5.10. A % C*-algebra & U, m: A — B(H) % irreducible representation ¥4 5. F7z,
E % H L O finite rank projection £ §%. ZD& & [FEED e >0I1Z/L, 5B 5 > 0B FHEL

T, A&7 d.

LU o] <1%5ac AT, |n(0)E—E| < § &ili=3751E, 5 be A+CLT, [b-1| <,

lbab*|| < 1, w(bab*)E = E %729 DMFHET 5.
Proof.

Ky :=ranF

K, :=ranE'tn(a)E

Ky = (Ko® Kp)*

YBY, H=Ky® K G K, Thb. THL, £ HITHL,

7(a)E¢ = En(a)Eé + Etn(a)EE € Ky @ Ky

BRDT, w(a)Ky C Ko ® Ky "bond. £oT, n(a) :=

LB é’_,ag,l:O'C“f)V),aeAsaJ:V)algzot&‘é. Z Z T,

[En(a)E — E|| < |7(a)E - E| < ¢

k0,

an = Br(@)ER E = 1y,
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Thb, £/,
|Em(a) B+ — EEY|| < ||[En(a) - B| = |r(a)E ~ E|| <4

£0,
a2 = a2 + a13 = Ew(a)EL g; EE+ =0
‘11_11/2 _af11a12 0 45
VCZ?)Z) J:OT,TI: 0 1 0 OI’IKQEBKl@KQ kj’3\<t,TN 1
0 0 1
THB. LE#-T, Corollary 59 £9, 26 € A+ CL T, ¥ = 1, =) =
o —ajla 0
0 1 0 | on Ko® K1 & Ky 2ifil=3 L DOWFEET S, $5&,
0 0 *
aﬁl/Q 0 0 ail ai12 0 aﬁl/z —al_llalg 0
m(b'ab™) * 10 Q91 Qga % 0 1 0
0 0 = 0 * % 0 0 *
a}{Q a1—11/2a12 0 al_ll/2 —aﬁlalz 0
= * * * 0 1 0
* * * 0 0 *
1 0 0
= * % %
* % %

THb. 5, bab* IZ positive 7D T,
1

ab'ab™) =1 0 * =*
0

20, w(ab*)E = E »boh5b.
ZIT k= (Vab)? eBlE,
K[ = 1K2]] = [[b'ab™ || < [|(b" = 1)ab"™ || + [|ab™||
< (168 + 1) |
< (14 164)>

ROT, k]| <1+165 TH 5. ¢: C(Sp(k)) — C*(k,1) % functional calculus (Theorem 2.8) &
5.

1 (if0<z<1andxzeSp(k)),
f@)—{l,
+ (if 1 <z and z € Sp(k))

LU, f(k) = () LB L,

169

1
_ - 1
17165 1ri60 =19

[f(k) =1 <1
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TH5.

2 ()2 2?2 (if0 <2z <1 and x € Sp(k)),
x”f(x)* =
1 (if 1 <z and z € Sp(k))

r¥5. 5k,
m(g(k)) =7(9(1))E=FE
lg(R)[| = 1K f (k)% < 1
Bohs. BEED, b= f(k) € A+Cl BT,
[0 — 1] = [ f(k)0" —1]
< | f(R) =0+ — 1

< [I'1Lf () = 2 + (16" — 1
< (1+166) - 165 + 165 = 326(1 + 86),

[bab™ || = [[f (k)b"ab™ f (k)]
< IfF®R)Ef(R)] < 1,

r(balb*) B = n( f ()R f () E = n(g(k)E = I
RODT, § & e > 320(1+ 86) Ziifi7=9 £ D ITHAUE K. O
Theorem 5.11. {LE®D C*-algebra |&, Property 1.3 %72 7".

Proof. {EE®D F € A, A ® irreducible representation 7: A — B(H), H E® finite rank
projection E, ¢ > 0 2Hl5. ZD e > 012X L, Lemma 5.10 X0, % § > 0 B FHLET S. 5
m(A)" = B(H) &0, n(A)"” I injective TH S DT, Lemma 5.7 £V, H5 net T € A® A T,
PAFD 1~3 2723 DMPFIET 5.

1. Theco{zz* |z € A, |z <1},
2. |LoT\ — R.Tx||a = 0, a€A,
3. w(p(Ty)) = 1 in B(H).
3&0,w(p(Ty)) >1in B(H) DT, ac K(H)ZXHU, n(p(Th))a = a TH 5. FiZ,
3 7(p(Th)E = E

THB. LEAoTL 2,3 &0, MUK N €A BB, ol < 1Bz eAl, Y 4 =1
MO0<t; <172Bt; € Rﬁ‘ﬁﬁbf, Ty, = Z:L:ltl(l‘z(@l':) ti‘%ﬁf,

||LGT>\0 - RllT/\OHA < 6) ac F,
[7(p(Tx,))E — E| <6
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YTEB. 22T, yi=t e 2B, N P < X =1 THY Ty =Y i ®
P

9

<e, a€kF,

Zayz'@yf—zyi@y?a

=1 i=1

m (Z%%) E-E
=1

b, 4, mldirreducible 7D T, Lemma 5.10 £V, 5 b € A+ Cl BELELT, 2 =
(21,22, y2n) == (by1,bya, -+ ,byn) EBLE, b —1| < ¢, ||22*|| <1, n(22*)E = FE &7z
. ZIZC,¢p: A0A - BA) 2z e AL, Y(a®b)(z) == arb IZEVEDS. T,
si=>" a; @b IZXL,

[P ()l = Sup{ ‘ ]l < 1} < > llaslllbll
i=1

BT, [U(s)| < |slla TH 5. &>7T, 1 1% norm-decreasing linear 7 map 1: A® A — B(A)
IZHEERCTE . BAE& VD, ae F,z e AITHU, M :=max{|ja]| |a € F} £&L &,

<0

;xb;

|lada Ad z(2)||

o) ()

H (Za%@z ) ) — b (izﬂ@zfu) (z)

i=1
i=1
n
<
i=1
n
+

]

Q2] — E zi®za
i=1 A

A i=1
) ]
A

n
By — Y pi®ya

n
@2 =Y ayi Oy}

A

n
-®y;‘a—2zi®z;‘a

THDH,
Susest - Sano
i=1 i=1 A
n n n n
<D abys @yt = abyi@y; |+ abyi @i =D ayi @ y;
=1 =1 A =1 =1 A
<Y abyi@y; 0" = 1) + > alb -y @y
i=1 A =1 A
<Y lalllblllyl?1e* =10+ > llallllo = 1/lly: )1
=1 1=1

(Z IinIQ) llallllb = 11(2 +¢)
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< Me(2+4¢€) <3Me

RDT,
lada Ad z(z)|| < (3Me + e+ 3Me)||z||
= (6M + 1)elja]
0, ladaAdz|| < (6M + 1)e £725 DT, Property 1.3 Ziii/=3 Z 23057z O
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